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HYDRODYNAMIC POTENTIALS FOR THE
MICROPOLAR NAVIER-STOKES PROBLEM

M. D. Martynenko and Murad Dimian ’ UDC 532.5:517.944

An integral representation of linear and angular velocities and pressure for the description of linear
stationary flows of micropolar viscous liquid media is obtained, and on its basis hydrodynamic potentials
for the micropolar Navier-Stokes problem are introduced.

The linear stationary Navier-Stokes problem is reduced to the solution of the following system of
differential equations [1} '
(/4+a)Av+(;4+/1—a)graddivv+2arotQ—gradp=Apf, 0
V+PHAQ+ (e+v—-P)graddivQ + 2arotv—4aQ =pm, —divv=0,
or in matrix form:
d

A (&) v-r.

)

Here Vis a column vector formed from the components of the vectors v, Q and p; F is a column vector formed from
pf, pm, and zero. The explicit form of the matrix A(9/dx) is readily accessible from (1).
The Lagrange conjugate to the system of equations (1) is as follows:
+a)Au+ (u+21—a)graddivu — 2arotw — gradg =0, G)
v+p)Aw + (e +v—pP)graddive —2arotu—-4aw =0, —divu=0.

We write it in matrix form as

A*(i)U=0, “@
dax

where U is a column vector formed from the components of the vectors u, w and ¢. System (1) differs from that
presented in [1] by the notation for the constants. Namely, for symmetry in writing the equations in (1) the
following notation is introduced:

a=-—y., e=2kt, v=0+7y, B=60-7, 3

where A, 4, v, , 7, and @ are material parameters of the liquid medium {11].
For the operators A(9/dx) and A*(3/0x) introduced here the following relationship holds:

3
Al AV y_va (2 = - R 6
UA(ax)V VA(ax)U—lZ:l 9; (R, — R, (6)

where

' ' d .
U= (u, up, uz, wy, @y, @3, q), V =0y, v, v, Q, %, Q, p), % =350 i=1, 3.
1

s

3
¥ * *
R; = E [ujal.j+wj,uij], R; = [vjal-j+Qj,uij],
j=1

/=1
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3
o, = ( ;7-+-Adivv)(§l-j+(,u+cc)6ivj+(,u—cz)ajv[—Zakz1 ik S >

=edivQ;+ (v + )8, Q+ (v — ), Q, (7
3
a j=(@+Adivu)d,+ (u+a)du+ (u—a)d;u + 2a > &ijk Wk »
y:- =edivedy+ (v + ) d0;+ (v — B) 0, ;.
From this the second Green formula follows for system (4)
’ 6 FS
£ |:UA (5) V-v4 ( ) ] dv = £ !2 (1 0y + 0t — (v 0y + Qi t4) 1S, ®)
where D is the region in three-dimensional Euclidean space bounded by the surface S; n(n;, ny, n3) is the outer
normal to S; oy, 4y; and a}k,j, ,uflj are determined by the formulas
3
)]

2 Uf' n, /un] 2 /"]z

3
*
= 2 Oji Ny My = E Hji s Opp = i
l:
We rewrite formula (8) in a different form by introducing the matrix of boundary stresses B(3/dx, n)
(10)

* d *
oz B (30) = 180,

where
= k=1,17;

=(puta)_- 6 j+ (@ —a)n;9;; Bl+31+3—-(v+ﬁ) 6 jTend;+@—pyn;o
(11)

3
Bijr3 = ;?1:1 Zamey; Bp=-—mn; Big;=B3;=0;
By =By; Biy3je3=Biy3j435 Bijz=—Bij3; Bjy=-—By;
Biy3;=Bisy =0, i,7=1,3.
With account for (10) formula (8) takes the following form
- Py _ve [ 12
£[UA( )V vaA" (ax)U]dv—£ [UB(ax,n)V VB (ax,n)U}dS. (12)
Using the Levi method [2] the matrix of fundamental solutions of system (1) can be constructed. Omitting
intermediate calculations we present its final form
= _ 13
F(x) - " Fl] " i,j=1,7 ’ ( )
where
1 1 a exp(—oyr 1 v+ B exp(—oyr) -1
I‘U=~—4 - p(~ ) O;;+g—9;0 b exp (o) —-ri;
muw | r uta r " Bmp 2u r
r 1 exp (= oyn) 5 1 exp (— oyr) —exp (o;r) exp(—o;r) -1
+3.+3 7 4 (v + B) r 7 16w 9; 9; ar - ur ’
(14)
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I3 {exp(—alr)-—l}.

Lipaj=Tijua= -~ S ;;; €ijk Ok

_ . 2 dau L2 da _V
Dws=Tpan=0 A=uTye+vh’ 2 Gy = [

The singular part of matrix (13) is as follows:

= 0 15
Fo(x)—ﬂ rijlli,j=I_"i’ (15)
where
Fg=‘__1_“ laﬁ+f%& ;
Sru+a) |r r
1 +e+ 3w X
I‘?+:‘s,j+3"_' 4 5;j+(5—ﬂ+")ﬁ§£ ;
8z (v+p) (e + ) r r
(16)
I x; —_
0 0 0 0 0 ..
Ff,7=r7,f=4__§; Tiv3j=Tije3=0; Ipy=-@+a)d(, i,j=1,3.
7 7

Direct computations show that at x # y the columns of the matrix I'(x — y) defined by the expressions
(13) and (14) are the solutions of the homogeneous system of equations (1) with respect to the variable x, whereas
with respect to the variable y the columns are the solutions of the homogeneous conjugate system (3). It follows
from expressions (16) that Fg- and F? s j= 1.3 represent the tensor of singular solutions for the following linearized
Navier-Stokes system:

(u + o) Av — grad p = pf ,
At the same time, I“?+3, j+3r b= 1,3 is the tensor of fundamental (singular) solutions of the system of equations
divv=0.

and therefore, based on the usual considerations, we obtain from formula (12) the following integral representation
of the regular solutions of system (1) within the region D [3, 41:

v+ B AQ+ (e +v —PB)grad divQ = pm,
' 9 ' 5 ad
a(x)V(x)=£{r(x—y)B(;;;,n(y)) V(y)—[V(y)B (a—y,n(y))r(x—y)”dyS+
+ [ T(x—y) F@)dy, amn
D

where
1, xeD,
a(x) = %, XES,
0 XED.

2

Explicit integral representations for all components of the linear and angular velocity and the pressure can
be obtained from formula (17) using ordinary matrix multiplication procedures. This formula provides a basis for
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introducing the hydrodynamic micropolar potentials of the bulk, single, and double layers (the surface integrals
and the volume integral in (17) are such; the latter should be considered to be a volume hydrodynamic micropolar
potential). In addition, formula (17) makes it possible to write out the boundary conditions for a numerical-
analytical solution of the basic boundary-value problems for system (1) when either the components of the vectors
of linear and angular velocity or the moment and force stresses or various combinations of them are specified on
the boundary of the region.

In conclusion, it should be noted that formula (17) contains as a special case well-known results of the
classical Navier-Stokes problem [4, 5].

NOTATION

ajj» Mij, components of tensors of force and moment stresses; v(vy, v, v3), Q(Q, Q3, Q3), vectors of linear
and angular velocity; p, pressure; p, density; £{f1, f2, f3), m(m; ,m3, m3), spatially distributed forces and moments;
A, u, n, 7,8, v, material parameters of the liquid medium (coefficients of volume, shear, and rotational viscosity, and
a measure of the bonding of a liquid particle with its surroundings); d;;, Kronecker symbol; &3, Levi-Civita symbol;

3
d(x — ), Dirac delta function; x(x;, x2, x3), point of three-dimensional space; r = ( Z(x; — yg)z)1 / 2, distance between
i=1

3
the points x(x;, x3, x3) and y(y1, y2, y3); A=2 6,-2, Laplace operator; 9; = 4/ 9x;, 8% = 3%/ ax?, 8;0;= 9%/ 0X;0%;.
‘ i=1
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